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Abstract

We show that the hierarchical level of detail optimization problem is equivalent to a constrained version of the
Multiple Choice Knapsack Problem, and present a new algorithm whose solution to it is at least half as good as
the optimal one. The advantage of the hierarchical algorithm is that it allows the use of hierarchical level of detail
descriptions in which shared representations may be provided for groups of objects. Rendering cost may then be
saved to afford better renderings of more important objects, and the algorithm is capable of providing a complete
representation of the visible scene even when the visible scene complexity is very high. Our algorithm has a worst
case time complexity of O(nlogn), and is incremental so that it typically completes in only a few iterations. We
introduce the use of perceptual evaluation to demonstrate the effectiveness of the use of representations for groups
of objects that our algorithm allows.

1. Introduction

In order to guarantee bounded frame times during animation
the dependency of the rendering complexity on the complex-
ity of the visible scene must be limited. Level of detail or
multiresolutiontechniques are one well established way of
doing this (see6 or 9 for a brief review). They allow auto-
matic and dynamic selection of detail levels based on esti-
mates of the rendering cost and perceptual benefit of object
representations.

We propose a level of detail optimization algorithm that is
a hybrid extension of those of Funkhouser and Séquin5 and
Maciel and Shirley7. We develop a transformation from a
hierarchical level of detail description to a non-hierarchical
one that allows us to apply the constrained optimization ap-
proach of5 to a hierarchical description. The advantage is
that groups of objects may then be replaced by single rep-
resentations. This preserves the natural hierarchical descrip-
tion of scenes and saves additional rendering costs to allow
better rendering of more important objects.

A contribution of this paper is to show that the hierarch-
ical level of detail optimization problem is equivalent to a
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constrained version of the Multiple Choice Knapsack Prob-
lem (MCKP)8 in which items may belong to more than one
candidate subset. Our algorithm provides a solution to this
constrained MCKP that is guaranteed to be at least half as
good as the optimal one.

In Section 2 we review related work. In Section 3 we
present the hierarchical level of detail description used by
our algorithm and in Section 4 we present a description of
the algorithm. In Section 5 we present a transformation of
the hierarchical level of detail description to an equivalent
constrained non-hierarchical one. In Section 6 we show that
the level of detail optimization problem for this description
is equivalent to a constrained version of the MCKP, present a
simple greedy approximation algorithm for it, and show how
our incremental algorithm relates to it. In Section 7 we dis-
cuss the algorithm with regard to optimality and efficiency.
Section 8 describes an experiment conducted to test its ef-
fects, and Section 9 contains some concluding remarks and
offers some directions for future work.

2. Background

The use of multiple drawable representations of scene ob-
jects at various levels of detail was suggested by Clark4 to
ensure appropriate detail levels for objects in a scene. Blake
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1 provides metrics that predict the appropriate detail level of
each object. Funkhouser and S´equin5 apply the concept of
time critical computingto the level of detail selection prob-
lem to limit the dependency of the rendering complexity on
the complexity of the visible scene, and thereby to bound
frame rendering times. The level of detail optimization prob-
lem then is to find the set of detail levels that together pro-
vide the best perception of the resulting frame, while en-
suring that their total rendering cost is no higher than some
predetermined limit.

Funkhouser and S´equin show that this level of detail opti-
mization problem is equivalent to the Multiple Choice Knap-
sack Problem, in which an optimal subset of a set of items
must be selected for a certain maximum cost8. The items
each have a constant cost and profit and correspond in this
case to the drawable representations, orimpostors, of the
scene objects. They are partitioned into subsets whereeach
subset corresponds to the impostors of a single object. Only
one item may be selected from each subset, since only one
representation may be selected for each object.

Funkhouser and S´equin formulate Benefit and Cost
heuristics that predict the “contribution to scene perception”,
or profit, and rendering cost, or cost, of object representa-
tions. They use a simple greedy approximation algorithm for
the MCKP in which items are placed into the knapsack in de-
creasing order ofValue(Benefit/Cost), if they will fit. When
another impostor is selected for an object that is already rep-
resented in the knapsack it replaces the existing one, if it will
fit in its place. The Benefit of the later impostor is known
to be higher than that of the earlier one because the impos-
tors of each object are ordered by decreasing Value and in-
creasing Benefit. They claim that this algorithm produces a
solution to the MCKP that is guaranteed to be at least half
as good as the optimal one. This is not strictly true8, but
it may be corrected by comparing the solution reached by
the algorithm to the solution consisting of only the item of
highest Benefit, and taking the better one. In any case, the
cases where the algorithm’s solution is less than half optimal
are not likely to occur in typical level of detail optimization
problems.

Their iterative algorithm exploits the coherence between
successive frames by optimizing the solution set incremen-
tally from the selection for the previous frame. It is equiv-
alent to the greedy MCKP algorithm as long as the Value
of each object’s impostors decreases monotonically as their
level of detail increases. In each iteration the level of detail of
the object with the highestsubsequentValue is incremented;
then the level of detail of the object with the lowestcurrent
Value is decremented, as long as the total rendering cost is
greater than the permitted maximum. The algorithm termi-
nates when an object is both incremented and decremented
in the same iteration, or when no objects are available for
incrementation or decrementation.

This approach assumes a non-hierarchical level of detail

description in which objects are distinct. This is unfortunate
since most scenes are more naturally described by hierar-
chies, and because rendering cost must consequently be un-
avoidably invested in some representation ofeveryobject in
the scene. Maciel and Shirley7 propose the use of an hier-
archical level of detail description with simpler representa-
tions for groups of objects. However, the level of detail op-
timization problem for such a hierarchy is not equivalent to
the MCKP and thus cannot use the above greedy approxi-
mation algorithm. We shall show that the hierarchical level
of detail optimization problem is equivalent instead to acon-
strainedversion of the MCKP.

Maciel and Shirley employ a heuristic that predicts the
inherent importance of each object, independent of its repre-
sentation. Their algorithm successively replaces the selected
representation of the most important object in the current
scene representation with the selected representations of its
children, until the available rendering time is used up. The
importance of a group object is defined as the maximum of
the importances of its parts. This approach however does not
take the Cost or Value of object impostors into account, and
its solution to the constrained MCKP is not guaranteed to be
at least half as good as the optimal one. We can see this by
noting that it is possible for an object with many expensive
parts, one of which has a high importance, to be selected
for replacement over one with many cheap parts whose total
importance is much greater.

Chamberlainet al 3 and Shadeet al 9 propose hierarch-
ical level of detail schemes in which simple impostor rep-
resentations for groups of objects are generated automati-
cally. They are substituted for their dependent scene geom-
etry when they are considered accurate enough representa-
tions of it. While these schemes have the advantage of not
requiring previously generated object impostors at multiple
levels of detail, they place no upper bounds on the total com-
plexity of the rendered scene.

3. Hierarchical Level of Detail Description

Our level of detail description is hierarchical and allows the
use of impostors for group objects7. Objects are defined re-
cursively as groupings of smaller objects, and each object
may be supplied with a set of impostors that are its explicit
drawable representations at increasing levels of detail. The
leaves of the hierarchy must each have at least one impostor,
so that the scene is always completely represented.

The level of detail(LOD) of an object is its currently se-
lected representation. Objects in general have explicit and
implicit representations, and all objects have levels of detail.
An object isexplicitly representedif its currently selected
representation is one of its impostors, andimplicitly repre-
sentedif it is represented by the explicit representations of
its descendants. The explicit representations or impostors of
an object are ordered by increasing rendering complexity,
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and are defined as lower LODs than any of its implicit rep-
resentations. The LOD of an object may beincrementedto
a higher LOD anddecrementedto a lower LOD. We shall
speak also of the incrementation and decrementation of ob-
jects, by which we mean the incrementation and decremen-
tation of their LODs.

Therepresentation treeof an object describes its currently
selected representation. It is the smallest subtree rooted at
that object whose leaves are all explicitly represented. The
representation tree of the root object is called thescene rep-
resentation tree, and describes the selected representation of
the whole scene. Figure 1 shows a level of detail hierarchy
and one of its possible scene representation trees.

root object

impostor

Figure 1: A simple level of detail hierarchy and one of its
possible representation trees.Objects are represented by circles,
and their impostors by triangles. The impostors of each object are
shown from left to right in order of increasing detail. The selected
impostor of each explicitly represented object is shaded and the cor-
responding scene representation tree is shown by the thick lines.

BenefitandCostheuristics are defined for explicitly rep-
resented objects, and predict the “contribution to scene per-
ception” and rendering cost of each object’s representation.
A heuristicValueis defined as the ratio of the Benefit of an
object to its Cost. Our optimization algorithm requires that
the Value of an explicitly represented object should decrease
as its level of detail increases, and also that the Value of an
object at any of its explicit representations should be greater
than the Values of all of its descendants at their explicit rep-
resentations. In other words, there should be diminishing re-
turns for greater levels of detail. The algorithm also requires
that the Benefit and Cost of an explicitly represented object
should be lower than the total Benefit and total Cost of any
of its implicit representations. In other words, the impostors
of group objects should be reduced detail representations of
those objects.

4. Hierarchical Optimization Algorithm

Our incremental hierarchical optimization algorithm is ap-
plied once per frame with a specified maximum total render-
ing cost, and the output is a detail level for each of the objects
in the scene. The algorithm proceeds iteratively until a ter-
minating condition is met. Ineach iteration the LOD of the
root object is incremented; then it is decremented while the
total rendering cost exceeds the prescribed maximum. Note

that the LOD of an object may in general be incremented
or decremented recursively in many possible ways, each of
which terminates in the incrementation or decrementation of
some leaf of its representation tree. The heart of the algo-
rithm lies in the selection of the particular incrementations
and decrementations performed, which is aimed at maximiz-
ing the total Benefit of the scene representation while ensur-
ing that its total Cost is within the required maximum.

Each possible incrementation of the root object must ter-
minate in the incrementation of aterminalobject that is ei-
ther:

1. A leaf of the scene representation tree that is incremented
from one explicit LOD to another. Figure 2 shows the re-
sult of one such incrementation of the hierarchy in Fig-
ure 1.

Figure 2: The hierarchy of Figure 1, after the incrementation
of a leaf of the scene representation tree from one explicit
LOD to another.The terminal object that is incremented is the
third object in the third row. The scene representation tree is shown
by the thick lines.

2. A leaf of the scene representation tree that becomes a
non-leaf when it is incremented from its highest explicit
to its lowest implicit LOD. Figure 3 shows the result of
one such incrementation of the hierarchy in Figure 1.

Figure 3: The hierarchy of Figure 1, after the incrementation
of a leaf of the scene representation tree that becomes a non-
leaf after incrementation from its highest explicit to its lowest
implicit LOD. The terminal object that is incremented is the first
object in the second row. The subsequent scene representation tree
is shown by the thick lines.

We select the incrementation of the root object that results
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in the incrementation of the terminal object whosesubse-
quentrepresentation tree’s highest Valued leaf has thegreat-
estValue.

Similarly, each possible decrementation of the root object
terminates in the decrementation of a terminal object that is
either:

1. An object that is a leaf of the scene representation tree
and is decremented from one explicit LOD to another.
One such decrementation of the hierarchy in Figure 2 re-
sults in the hierarchy of Figure 1.

2. An object that becomes a leaf of the scene representation
tree when it is decremented from its lowest implicit to its
highest explicit LOD. For this to be possible, all of the
children of that object must be at their lowest LODs. One
such decrementation of the hierarchy in Figure 3 results
in the hierarchy of Figure 1.

We select the decrementation of the root object that re-
sults in the decrementation of the terminal object whosecur-
rent representation tree’s highest Valued leaf has thelowest
Value.

These incrementation and decrementation operations are
implemented recursively. We store with each object the high-
est and lowest of the determining Values of the available
leaves of its representation tree, and these are used in choos-
ing between the children of objects at each level. They must
be updated in post-order whenever their associated objects
are incremented or decremented. The algorithm begins with
an initialization step in which the heuristics and stored val-
ues of all objects are pre-calculated in a bottom-up fashion.

The algorithm terminates when any of the following oc-
cur:

1. The total rendering cost of the scene is less than or equal
to the permitted maximum and the root object may not
be incremented any further! there is sufficient time to
render the entire scene at maximum detail.

2. The total rendering cost of the scene is greater than
the permitted maximum and the root object may not be
decremented any further! there is insufficient time to
render the entire scene, even at minimum detail.

3. The LOD of a leaf of the scene representation tree is both
incremented and decremented in the same iteration! the
algorithm has reached its optimal solution, since the ob-
ject that is incremented is immediately decremented.

After termination of the algorithm we render the selected
representations of the leaves of the scene representation tree.

5. Transformation to Constrained Non-Hierarchical
Description

In this section we present a transformation of the hierarch-
ical level of detail description described in Section 3 to an
equivalent constrained non-hierarchical one.

The impostors of group objects in the hierarchical repre-
sentation are equivalent to single shared low detail impostors
for each of the children of those group objects (Figure 4),
with the constraint that the children must take on those
shared impostors together. This presents a way to transform
a given hierarchical description to an equivalent constrained
non-hierarchical one. We can create an “empty” hierarchy
with impostors only at the leaves by pushing the impostors
of group objects recursively down the hierarchy. These leaf
objects then form a non-hierarchical description (Figure 5).
Each object has as its impostors the impostors of itself and
all of its ancestors in the original hierarchy, in the order in
which they are enumerated. The heuristics of objects in the
non-hierarchical description are the same as the heuristics
of the original objects. This equivalence between the hier-
archical and non-hierarchical descriptions is subject to the
important constraint: objects in the non-hierarchical descrip-
tion that share impostors inherited from the same group ob-
jectsmust take on those impostors in unison.

transform

1

2 3 1 2 1 3

Figure 4: Transforming an impostor of a group object to
an equivalent shared impostor of its children.For clarity, each
object is assumed to have exactly one impostor, impostors are num-
bered, and the inherited impostor of the group object is shaded. The
link attached to the shared impostor indicates that the objects which
share it must take it on in unison.

Note that the impostors of each object in the non-
hierarchical description are ordered by decreasing Value,
and that the total Cost and Benefit of the immediately higher
impostors of the group of objects that share each inherited
group impostor are higher than the Cost and Benefit of the
shared impostor itself. These orderings are required by our
approximation algorithm.

6. Constrained Multiple Choice Knapsack Problem

We can now show that the level of detail optimization prob-
lem for the hierarchical description is equivalent to a con-
strained version of the Multiple Choice Knapsack Problem,
shown schematically in Figure 6. The candidate items cor-
respond to the impostors of the objects in the equivalent
non-hierarchical description, and are divided into subsets
such that each subset corresponds to the impostors of a sin-
gle object. At most one item may be selected from each
subset. The problem differs from the usual MCKP because
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transform

Figure 5: Transforming a simple level of detail hierarchy to
its equivalent non-hierarchical description.The impostors of
group objects have all been transformed into shared impostors of the
leaf objects. Each object is assumed to have exactly one impostor.
The constraints between shared impostors, shown as links, imply
that the objects which share those impostors must take them on in
unison.

of the constraints implied by the original hierarchical de-
scription. Some items are members of more than one sub-
set: those which correspond to shared impostors in the non-
hierarchical description. These represent more than one ob-
ject and their corresponding items are capable of replacing
items from several subsets at a time.

421

1 2 5

1 3 6

1 3 7

selection

subset
knapsack

2

7

6

Figure 6: A schematic representation of the constrained
Multiple Choice Knapsack Problem.The items correspond to
the impostors of objects in the non-hierarchical level of detail de-
scription. They are divided into subsets corresponding to the objects
to which the impostors belong, and items that correspond to shared
impostors are members of more than one subset. Only one item may
be selected from each subset.

Our algorithm and that of Maciel and Shirley provide ap-
proximate solutions to this NP-complete constrained MCKP,

since they employ similar hierarchical descriptions. Their
approach however differs significantly from ours. We use a
simple greedy approximation algorithm whose solution to
the constrained MCKP is guaranteed to be at least half as
good as the optimal solution, if we also compare its solu-
tion to that consisting of only the item with highest Benefit,
and take whichever is better. This greedy algorithm is an ex-
tension of the greedy approximation algorithm for the usual
MCKP used by Funkhouserand S´equin to allow it to observe
the hierarchical constraints which imply that some items be-
long to more than one subset.

Items are considered in order of decreasing Value, and
placed into the knapsack if they will fit. When an itemi is
selected that belongs to a subset to which an itemj already
in the knapsack also belongs, the algorithm scans forward to
find thereplacement set Rof the highest Valued remaining
items includingi that together belong to all the subsets to
which j belongs. If this setRwill fit in the knapsack in place
of j it is substituted in its place, otherwise it is discarded.
This ensures that items that belong to more than one sub-
set are replaced by items that belong to the same subsets, so
that the completeness of the representation is preserved. To
ensure that the scene is completely represented, we initially
place into the knapsack an imaginary item with no Cost or
Benefit that belongs to all subsets.

The hierarchical version of our algorithm described in
Section 4 is equivalent to this greedy algorithm for the
MCKP, but is formulated incrementally.

As was noted in Section 4, each possible incrementation
of the root object in the hierarchical description must ter-
minate in the incrementation of someterminal object. The
incrementation of such a terminal object corresponds to the
incrementation of each of the objects that share its currently
selected impostor in the equivalent non-hierarchical descrip-
tion. The incrementation of those objects corresponds in turn
to the selection of the replacement set corresponding to their
subsequently selected impostors, in the greedy algorithm.
The suitability ofeach of the terminal objects for incremen-
tation in the hierarchy is determined by the Value of the high-
est Valued leaf of its subsequent representation tree. Of the
corresponding objects in the non-hierarchical description, it
is the object with the highest subsequent Value that dictates
the likelihood of the selection of the replacement set corre-
sponding to their subsequently selected impostors. It is that
object whose corresponding item is considered first. In the
hierarchical description we therefore select the incrementa-
tion of the root object that results in the incrementation of
the terminal object whosesubsequentrepresentation tree’s
highest Valued leaf has thegreatestValue.

Similarly each possible decrementation of the root ob-
ject terminates in the decrementation of some terminal ob-
ject (Section 4). We select the decrementation that results in
the decrementation of the terminal object whosecurrentrep-
resentation tree’s highest Valued leaf has thelowestValue.
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The decrementation of a terminal object corresponds to the
“de-selection” of the replacement set corresponding to the
currently selected impostors of the corresponding objects in
the equivalent non-hierarchical description. The likelihood
of the selection of the replacement set is determined by its
highest Valued item.

7. Discussion of Algorithm

We have shown how a hierarchical level of detail description
can be transformed to an equivalent non-hierarchical one in
order to prove the equivalence of the hierarchical level of
detail optimization problem to the constrained version of the
MCKP, and to show the equivalence of our incremental al-
gorithm to the greedy algorithm for the constrained MCKP.
In practice our incremental algorithm operates directly on
the hierarchical description, and the hierarchy is exploited to
accelerate the algorithm through the storage of intermediate
values.

Our incremental hierarchical optimization algorithm is an
extension of the non-hierarchical algorithm of Funkhouser
and Séquin to allow it to take into account the constraints on
object LODs implied by the hierarchy. It takes advantage of
frame-to-frame coherence by improving the set of selected
items incrementally from the set selected for the previous
frame, and is equivalent to the greedy approximation algo-
rithm for the constrained MCKP described in Section 6, as
long as the Value of each object’s LODs (both implicit and
explicit) decreases monotonically.

The principle advantage of the algorithm over that of
Funkhouser and S´equin is that it affords the use of simple
representations for groups of objects. This allows the al-
gorithm to produce scene representations in which all vis-
ible objects are completely represented at some level of de-
tail, even when the complexity of the visible scene is very
high. Groups of object representations may be replaced with
cheaper shared group representations to an arbitrary degree
(as long as available group impostors exist) without com-
promising the completeness of the scene representation. In
addition, the freedom to select very low detail representa-
tions for unimportant group objects allows the algorithm to
save additional rendering time in many situations that may
be used to render better representations of more important
objects.

Since the hierarchical algorithm is equivalent to the
greedy algorithm for the constrained MCKP, its solution is
guaranteed to be at least half as good as the optimal one.
In this regard it is better than the algorithm of Maciel and
Shirley, whose solution has no such guarantee.

The time complexity of the hierarchical optimization al-
gorithm is O(nlogn) in the worst case, like that of Funk-
houser and S´equin. The number of iterations performed by
the algorithm isO(n), wheren is the number of objects.

In each iteration the level of detail of the root object is in-
cremented once and optionally decremented several times.
The number of decrementations performed in each iteration
is O(1). Each recursive incrementation and decrementation,
involving a pre-order selection step and a post-order update
step, isO(logn). The iterative portion of the algorithm is
preceded by an initialization stage in which the heuristics
and stored values of all objects are pre-calculated, which is
O(n). The time complexity of the entire algorithm is there-
fore O(nlogn). However it is also incremental and takes ad-
vantage of the coherence between successive frames to pro-
duce its solution in typically only a few iterations. The algo-
rithm of Maciel and Shirley isO(n), but is not incremental
and requires a full optimization for every frame.

The algorithm ispredictive5 in that it bases its level of
detail selection on predictions of the rendering cost and per-
ception of object representations, and is therefore better able
to provide constant rendering times than are those of Cham-
berlainet al3 and Shadeet al9. The total predicted rendering
time of the selected scene representation is always guaran-
teed to be less than or equal to the permitted maximum.

The algorithm is subject to two limitations inherited from
that of Funkhouser and S´equin: it is dependent on the ex-
istence of pre-generated impostors of all objects at varying
levels of detail, and it assumes that the heuristics of objects
are independent of viewing direction. The Cost and Bene-
fit of the impostors of each object must always increase and
their Value decrease monotonically as their level of detail
increases.

Funkhouser and S´equin propose the incorporation of a
“hysteresis” factor into the Benefit heuristic that measures
the impairment of user conviction due to fluctuations in the
detail levels of objects between successive frames. The Ben-
efit of object representations is reduced by an amount pro-
portional to the difference in detail level from the ones se-
lected for the previous frame, in order to minimize the dis-
traction caused by frequently changing LODs. A similar ap-
proach may likewise be incorporated into our algorithm, at
no significant cost.

8. Experimental Evaluation

An experimental evaluation was conducted to test the ef-
fectiveness of the use of group impostors in the hierarch-
ical algorithm. In this experiment, image sequencesrendered
with the hierarchical algorithm and the non-hierarchical al-
gorithm of Funkhouserand S´equin were presented to each of
a group of fifteen volunteer assessors in a controlled environ-
ment, and the assessors were asked to evaluate their percep-
tions of the sequences. The approach selected was thestim-
ulus comparison method2, in which image sequences pro-
duced using two distinct techniques are compared in pairs
and an index of the relationship between the two sequences
of each pair is provided by each assessor. This method pro-
duces a distribution of voting indices across the grading scale
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used, for each assessment pair. The average and standard de-
viation of each distribution is then taken as an indication of
the relationship between each pair of sequences,as perceived
by a typical viewer.

Figure 7 shows sample images from the animation se-
quences used in the experiment. The scene selected for test-
ing consisted of a collection of geodesic domes constructed
from cylinders. Each cylinder was provided with six draw-
able impostors at various levels of detail, plus onenull im-
postor corresponding to “no representation”, in the non-
hierarchical case. These are required, if that algorithm is
to be able to satisfy the rendering cost limit when the vis-
ible scene complexity is relatively high. The dome objects
were each provided with a single group impostor consisting
of a low resolution sphere approximation, in the hierarchical
case. This allowed that algorithm to replace the individual
representations of the cylinder parts of less important domes
with single simple dome representations, where appropriate,
so that null impostors were not required. The domes were
made to rotate around their own axes and to oscillate towards
and away from the viewer, so as to force the continual up-
date of the detail levels of all objects by the optimization
algorithms.

The Benefit and Cost heuristics supplied were chosen to
provide significant but diminishing returns for more com-
plex renderings rather than to function as accurate predic-
tions of the perceptual benefit and rendering cost of object
representations. In particular, our Cost heuristic is indepen-
dent of view-dependent factors such the screen-space size of
the object.

The heuristics of the objects in the non-hierarchical de-
scription were identical to those of the corresponding leaf
objects in the hierarchical one. The heuristics of non-leaf
objects in the hierarchical description were selected to pro-
vide low returns for group impostors while satisfying the re-
quirements that the Value of an object at any of its explicit
representations should be greater than the Values of all of
its descendants at their explicit representations and that the
Benefit and Cost of an explicitly represented object should
be lower than the total Benefit and total Cost of any of its
implicit representations (Section 3).

Figures 7(a) and (b) compare the output of the hierarchical
and non-hierarchical algorithms respectively, with a render-
ing cost limit equal to half of thenominalcost of the scene.
The nominal cost of a scene is the minimum cost of render-
ing that scene without the use of group or null impostors,
and is the value of the rendering cost limit below which the
use of null or group impostors becomes necessary in order
to meet the rendering cost requirement. Notice that while the
nominal cost is in general subject to change from frame to
frame, in our experiment it is not since our Cost heuristic is
dependent only on impostor complexity.

The extensive use of group and null impostors in (a) and

(b) respectively is visible in the form of simplified and miss-
ing dome representations. The hierarchical algorithm is able
to employ group impostors to ensure a complete representa-
tion of the scene, while the non-hierarchical algorithm must
resort to the omission of objects in the form of null impos-
tors. The disappearance and reappearance of objects in the
non-hierarchical case as null impostors are selected and de-
selected is particularly apparent when the sequences are an-
imated.

Figures 7(c) and (d) compare the output of the hierarchical
and non-hierarchical algorithms respectively with a render-
ing cost limit equal to twice the nominal cost of the scene.
The use of group and null impostors respectively is still vis-
ible, even though they are not required in order to satisfy
the rendering cost limit. Group and null impostors represent
savings that may be used to render more important objects
at higher detail.

Trial Sequence 1 Sequence 2

1 full detail hier, cost=1920
2 non, cost=3840 hier, cost=3840
3 non, cost=1920 full detail
4 hier, cost=7680 non, cost=7680

Table 1: The image sequences compared in each of the four
experimental trials.The experiment consisted of four trials, each
comparing two sequences. The algorithm and rendering cost limit
used for each sequence is shown, where “hier” represents the hier-
archical algorithm and “non” the non-hierarchical algorithm. The
nominal cost of the scene is 3840.

Trial Result

1 [-1.78, -0.35 ]
2 [ 0.17, 1.57 ]
3 [ 0.95, 2.66 ]
4 [-0.62, 0.76 ]

Table 2: The results of the perceptual experiment.The results
represent the 95% confidence intervals of the average voter indices
for each trial. Voting indices are on a grading scale between -3 and
+3, where -3 indicates that the first sequence was much better and
+3 that the second was much better.

The experiment consisted of four assessment trials, each
of which compared two image sequences. Table 1 shows the
image sequences compared in each trial. Image sequences
rendered with each algorithm were compared for rendering
cost limits equal to the nominal cost and twice the nominal
cost. Sequences rendered with each algorithm for a render-
ing cost limit of half the nominal cost were each compared
against a reference sequence rendered at full detail. Table 2
shows the results of the experiment. The assessors on av-
erage considered their perceptions of the image sequences
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a b

c d

Figure 7: Images rendered with the hierarchical and non-hierarchical LOD optimization algorithms, with various rendering
cost limits.Images (a) and (b) compare the results of the hierarchical and non-hierarchical algorithms with rendering cost limits equal to half
the nominal cost of the scene. Images (c) and (d) compare the results of the same algorithms with a rendering cost limit equal to twice the
nominal cost of the scene. Note the use of group impostors in (a) and (c) and null impostors in (b) and (d), visible as simplified and missing
object representations respectively.

rendered with the hierarchical algorithm to be significantly
better than that of those rendered with the non-hierarchical
algorithm, in cases where the rendering cost limit was equal
to the nominal cost and half the nominal cost, but could dis-
tinguish no significant difference for a rendering cost limit
equal to twice the nominal cost.

8.1. Discussion of Experimental Results

The experiment compares the effects of having group im-
postors with the effects of not having them, for cases where
the rendering cost limit is relatively low (or equivalently, the
visible scene complexity is relatively high). In such cases,
we expect the non-hierarchical algorithm to resort to the
use of null impostors and the hierarchical one to the use
of group impostors. In the non-hierarchical case object rep-
resentations are dropped completely, resulting in “holes” in
the representation of the scene. In the hierarchical case the
individual representations of groups of objects (or parts) are
replaced by shared simpler representations.

The results of the experiment suggest that the fluctuation
of domes between group and non-group impostor represen-
tations was less distracting to viewers than their disappear-
ance and reappearance due to the use of null impostors as

required by the non-hierarchical method of Funkhouser and
Séquin.

We expect that no significant difference would be detected
for less stringent rendering cost limits, since the effects of
the two algorithms become more similar, eventually becom-
ing the same when no group or null impostors are used. Con-
versely, we expect that the difference would become more
apparent as the rendering cost limit became more stringent,
or as the relative visible scene complexity increased.

We believe that the results of the experiment demonstrate
that the appropriate use of group impostors in the hierarch-
ical algorithm may result in improved perception of anima-
tion sequences, in cases where the visible scene complex-
ity is sufficiently high to cause the omission of objects in
the non-hierarchical algorithm of Funkhouser and S´equin.
Whilst the scene content selected for the experiment does
not represent worst-case material for the effects tested, we
expect that this should apply to many other typical scenes in
which objects are composed of smaller parts.

Notice that the results do not reflect the effects of possible
variations in rendering or optimization times between the al-
gorithms, since the sequences were rendered offline and pre-
sented at a fixed frame rate. We expect the hierarchical algo-
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rithm to show no more significant variation in frame render-
ing times than that of Funkhouser and S´equin, since both are
predictive and limit the predicted rendering times to below
some predetermined target frame time. The consistency of
the rendering times is dependent for both algorithms on the
accuracy of the Cost heuristics supplied.

9. Conclusion

We have shown that the level of detail optimization problem
for an hierarchical level of detail description is equivalent
to a constrained version of the Multiple Choice Knapsack
Problem. We presented a hierarchical level of detail opti-
mization algorithm which has the following advantages:

1. It allows the representation of groups of objects by sin-
gle impostors, so as to afford better renderings of more
important objects while providing a complete represen-
tation of the visible scene, even when the visible scene
complexity is relatively high.

2. Its solution to the hierarchical level of detail optimization
problem is guaranteed to be at least half as good as the
optimal one.

3. Its worst case time complexity isO(nlogn) but it is incre-
mental and typically completes in only a few iterations.

The algorithm requires pre-generated impostors of all
scene objects and assumes that their perceptual benefit and
rendering cost are independent of viewing direction. Further
work is needed to address these issues, perhaps through a
combination of this approach with one in which impostors
are generated automatically.
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