Journal of Philosophical Logic (2008) 37: 501–520
© Springer 2008
DOI 10.1007/s10992-008-9086-2
SAMIR CHOPRA, ADITYA GHOSE, THOMAS MEYER
AND KA-SHU WONG

ITERATED BELIEF CHANGE AND THE RECOVERY AXIOM 1
Received 20 September 2005

ABSTRACT. The axiom of recovery, while capturing a central intuition regarding belief
change, has been the source of much controversy. We argue briefly against putative
counterexamples to the axiom—while agreeing that some of their insight deserves to be
preserved—and present additional recovery-like axioms in a framework that uses epistemic
states, which encode preferences, as the object of revisions. This makes iterated revision
possible and renders explicit the connection between iterated belief change and the axiom
of recovery. We provide a representation theorem that connects the semantic conditions we
impose on iterated revision and our additional syntactical properties. We show interesting
similarities between our framework and that of Darwiche–Pearl (Artificial Intelligence
89:1–29 1997). In particular, we show that intuitions underlying the controversial (C2)
postulate are captured by the recovery axiom and our recovery-like postulates (the latter
can be seen as weakenings of (C2)). We present postulates for contraction, in the same
spirit as the Darwiche–Pearl postulates for revision, and provide a theorem that connects
our syntactic postulates with a set of semantic conditions. Lastly, we show a connection
between the contraction postulates and a generalisation of the recovery axiom.
KEY WORDS: epistemic states, iterated belief change, recovery axiom

1. I NTRODUCTION
A particularly simple sequence of belief change is an agent giving up and
then adopting the same belief (“I believed I had money for the movies, but
realised I had lost my wallet. A few minutes later, I discovered a twenty
in my pocket and regained my belief that I had enough money for the
movies”). The axiom of recovery in the AGM framework (Alchourron
et al., 1985) places a rationality constraint on the form of such a change
of beliefs. It states that expansion by a belief recovers any beliefs lost by
the previous contraction by that belief. The status of the axiom of recovery
has been a source of much controversy in belief revision (Fuhrmann, 1991;
Hansson, 1991, 1993; Levi, 1991). There are well-known counterexamples
to recovery, with the most convincing ones being Hansson’s Cleopatra and
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George-the-criminal examples (Hansson, 1991, 1999). The following is a
slightly amended version of the former:
I believe that ‘Cleopatra had a son’ (φ) and that ‘Cleopatra had a
daughter’ (ψ), and thus also that ‘Cleopatra had a child’ (φ ∨ ψ). Then
I receive information that Cleopatra had no children, which makes me
give up my belief in φ ∨ ψ. But then I am told that Cleopatra did have
children, and so I add φ ∨ ψ. But I should not regain my belief in
either ψ or φ as a result.
One response to this situation is to isolate a class of belief change
operators that do not satisfy recovery i.e., the so-called withdrawal
operators (Makinson, 1987). We do not adopt this approach for a couple of
reasons. Firstly, withdrawal operators can violate the principle of minimal
change (Hansson, 1999). As an example, consider the withdrawal operator −
defined as follows (K is a belief set closed under a logical consequence
operator Cn, α an arbitrary epistemic input): if α  ∈ K , then K − α = K ,
otherwise, K − α = Cn(∅). Secondly, a fundamental intuition behind
minimal contraction is the principle of core-retainment which states that
if β ∈ K and β  ∈ K − α then there is a set K  such that K  ⊆ K and
α  ∈ Cn(K  ) but α ∈ Cn(K  ∪ {β}). It requires of an excluded sentence β
that it in some way contribute to the implication of α from K . This is only
satisfied by withdrawal operators if they satisfy the recovery axiom as
well. This should reinstate our faith in the recovery axiom since it is hard
to find a satisfactory alternative formalization of the intuition that beliefs
that do not contribute to K implying α should be retained in K − α.
So while the counterexamples do tickle our intuitions, it is equally
the case that there is an important intuition about rational belief change
that the recovery postulate captures. Indeed, the recovery postulate is best
thought of as a version of the principle of minimal change: so much of the
original belief state is retained on contraction that the original belief state
can simply be restored on adopting the same belief. Our opinion is that even
if the original postulate is rejected as being too permissive, some recovery
like postulates must constrain belief revision if the principle of minimal
change is to be taken seriously. Furthermore, recovery follows from other
highly plausible postulates such as closure, inclusion, vacuity, success,
extensionality and core-retainment (Hansson, 1999). Significantly, there is
a clear and intimate connection between iterated revision and the recovery
axiom: we can view the axiom as specifying the form of the iterated revision
that should take place when contracting and revising by the same belief. In
what follows, we make this connection clearer.
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But what about the counterexamples? Surely, they point to counterintuitive scenarios arising from the adoption of the recovery axiom? We argue
that, underlying these examples is an assumption that information leading
to the specified sequence of contraction and expansion is not received from
the same source. Our claim is that recovery should hold when restricted to
the case where information is obtained from the same source, but that it need
not hold when information is obtained from different sources. Consider the
Cleopatra counterexample. The agent believes both φ and ψ originally, and
as a result is committed to the belief that φ ∨ ψ. Now the agent receives
information that ¬(φ ∨ ψ). Crucially, what is left out of this example are
details about the sources of the epistemic inputs. If source S1 provides
the reasons for believing ¬(φ ∨ ψ) and source S2 provides the reason for
believing φ ∨ ψ then it makes sense to think that the agent does not recover
its original beliefs in φ or ψ. However, if it is the same source that provides
information on both ¬(φ ∨ ψ) and φ ∨ ψ, then why should the agent not
regain its belief in φ and ψ? After all, source S1 provided the reason for
the agent dropping its belief in φ and ψ in the first place. If it then supplies
information to the contrary, the agent’s reasons for dropping those beliefs
have been negated, and it should regain its original beliefs. To do otherwise
would be counterintuitive. If however another source provides the new
information, then the agent’s original reasons for contracting by φ and ψ
remain unaffected and there is no reason for it to start believing φ or ψ again.
(For a similar though crucially different response see Nayak (1993)). The
issue of what happens when information is obtained from different sources
is interesting in its own right, and deserves to be treated separately. For
the remainder of this paper we will assume that all information is received
from one source.
Our proposal considers versions of postulates in the same spirit as
recovery. We argue that a shift to belief change on epistemic states i.e.,
belief states possessing a preferential structure, in the Darwiche–Pearl
spirit is necessary, since we need a framework in which to talk about
iterated revision. Cantwell (1999) also provides recovery-like properties
in the context of iterated revision, but these however restate recovery itself
in terms of revision—where contracting with α is replaced by a revision
with ¬α. This is done to show that the counterexamples to recovery are not
only a criticism of AGM contraction—as has been argued in the past—but
also a criticism of AGM revision. Cantwell provides examples similar to the
Cleopatra and George-the-criminal examples for iterated revision as well.
While adopting the representational framework of epistemic states, we
do not accept all the Darwiche–Pearl postulates. There is sufficient debate
on the appropriateness of these. In principle, we are of the opinion that the
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3rd and 4th Darwiche–Pearl postulates are valid. Like others we feel that
the 2nd postulate is too strong. The results in this paper provide a weaker
and acceptable alternative to the 2nd postulate. We are also of the opinion
that the 1st Darwich-Pearl postulate is too strong ((Meyer, 1999) provides
examples to back up this claim) but will not provide a weakening here. We
adopt the basic setting in which belief change is performed on epistemic
states, from which a total preorder on valuations and a knowledge base
can be extracted. We provide a set of reformulated AGM postulates for
contraction—along with the Darwiche–Pearl reformulations of the AGM
revision postulates—on epistemic states and insist on these.
We present some recovery-like postulates, as well as restrictions on the
way in which the orderings extracted from epistemic states may be modified
when revision and contraction take place, and provide a representation
theorem that connects the recovery-like postulates and the postulates on
orderings. The recovery-like postulates, when combined, can be thought
of as a weakened version of the (C2) postulate of Darwiche–Pearl. This is
brought out clearly when the postulates on orderings are considered. The
link between recovery and the (C2) postulate is interesting and surprising.
This lets us think of (C2) as having overstated the case and of the recovery
postulate and our weakenings as having addressed its problems.
In addition, we note that Darwiche and Pearl did not provide postulates
for contraction. To rectify this, we present a set of postulates for contraction,
in the same spirit as the Darwiche–Pearl postulates for iterated revision.
We prove a representation theorem that connects these postulates to a set of
postulates on orderings. A generalised version of the recovery postulate can
be thought of as a weakened form of (C−2) (our postulate on contraction
similar to (C2)). We observe that many of the objections to (C2) also apply
to (C−2), and that the generalised recovery postulate addresses its problems
in the same way that our recovery-like postulates addresses the problems
with (C2).
We assume a finitely generated propositional language L closed under
the usual propositional connectives and equipped with a classical modeltheoretic semantics; the constants , ⊥ are in L. V is the set of valuations of
L and M(α) is the set of models of α ∈ L. Classical entailment is denoted
by |=. Roman letters, p, q, r, . . . denote propositional atoms; Greek letters
α, β, . . . stand for arbitrary formulas. We reserve the letter  to denote
epistemic states.
DEFINITION 1. Associated with an epistemic state  is a knowledge base
K (). In order to satisfy the AGM postulates, K () is allowed to be
inconsistent. We define M(K ()) to be the set of valuations which satisfy
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K (). Given a total preorder on valuations , M (α) denotes the minimal
models of α according to the ordering.
In the context of belief revision, the notion of a function from epistemic
states to belief sets already occurs in the work of Gärdenfors (1988), Spohn
(1988), Grove (1988).

2. T HE R EFORMULATED AGM P OSTULATES
In the reformulated postulates below, ∗ and − are belief change operations
on epistemic states, not knowledge bases. So ∗ takes an epistemic state
and a sentence and produces an epistemic state. For − and ∗ to satisfy
the AGM postulates they must satisfy the reformulated AGM postulates
which apply to epistemic states, not knowledge bases. Note that the object
of revision is the epistemic state, but in stating the postulates we specify
the form of the knowledge base extracted from the epistemic state. Here
are the reformulated AGM postulates (done in much the same style as the
reformulation by Darwiche–Pearl). First contraction:
(−1)
(−2)
(−3)
(−4)
(−5)
(−6)
(−7)
(−8)

K ( − α) = Cn(K ( − α))
K ( − α) ⊆ K ()
If α ∈
/ K () then K ( − α) = K ()
If  |= α then α ∈
/ K ( − α)
K () ⊆ (K ( − α)) + α
If α ≡ β then  − α =  − β
K ( − α) ∩ K ( − β) ⊆ K ( − (α ∧ β))
If β ∈
/ K ( − (α ∧ β)) then K ( − (α ∧ β)) ⊆ K () − β

In what follows, we will be particularly interested in the relationship
between K ( ∗ α − α) and K (). We will show that equality between
the two sides conflicts with the reformulated AGM postulates but does
hold under some conditions.
The intuitions corresponding to the postulates are roughly those of the
original AGM postulates. For example, (−1) states that the knowledge
base associated with the revised epistemic state is closed under logical consequence. (−6) states that contracting by logically equivalent formulas
results in the same epistemic state. This particular postulate highlights a
difference between the original AGM postulates and the reformulations
above. The original AGM postulate requires that if two identical belief
sets are revised by logically equivalent formulas, then the resulting belief
sets are identical, whereas we require that if two epistemic states are the
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same, then contraction by logically equivalent formulas should result in
the same epistemic state. This is crucially different from the original AGM
postulates, as different epistemic states may have the same knowledge
base. Our reformulation goes beyond that of Darwiche and Pearl, which
only require that the knowledge bases be the same after the belief change
operation, rather than the epistemic states. Note that we include the recovery
axiom above. The following are the reformulated AGM postulates for
revision:
(∗1)
(∗2)
(∗3)
(∗4)
(∗5)
(∗6)
(∗7)
(∗8)

K ( ∗ α) = Cn(K ( ∗ α))
α ∈ K ( ∗ α)
K ( ∗ α) ⊆ K () + α
If ¬α ∈
/ K () then K () + α ⊆ K ( ∗ α)
If α ≡ β then  ∗ α =  ∗ β
⊥ ∈ K ( ∗ α) iff |= ¬α
K ( ∗ (α ∧ β)) ⊆ K ( ∗ α) + β
If ¬β ∈
/ K ( ∗ α) then K ( ∗ α) + β ⊆ K ( ∗ (α ∧ β))

As with the contraction postulates, the intuitions corresponding to the
postulates are roughly the same as those underlying the original AGM
postulates. For example, (∗1) states that the knowledge base associated
with the revised epistemic state is closed. (∗6) states that an inconsistent
knowledge base only results when revising by contradictions (note the
modified ( ∗ 5) postulate as well).
Darwiche and Pearl (1997) showed that for an operator ∗ satisfying
the reformulated AGM postulates for revision, an ordering  can be
associated with each epistemic state  such that M(K ( ∗ α)) = M  (α)
for every α. This is easily extended to show that for an operator − satisfying
the reformulated AGM postulates for contraction, an ordering  can
be associated with each epistemic state  such that M(K ( − α)) =
M(K ()) ∪ M  (¬α) for every α. The orderings arising from the two
operators are, in a limited sense, independent of each other. However, we
assume that for each epistemic state, the ordering arising from the revision
operator and contraction operator coincide. This is reasonable since we
consider the ordering as encoding the preferences of an agent, which should
not change depending on whether the agent is revising or contracting its
beliefs. It is easy to show that this assumption on orderings is equivalent
to assuming the Levi and Harper identities shown below:
Levi
Harper

K ( ∗ α) = K ( − ¬α) + α
K ( − α) = K ( ∗ ¬α) ∩ K ()
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We now list the Darwiche–Pearl postulates for iterated revision (Darwiche
and Pearl, 1997). In the four postulates below ∗ is the revision operator,
α, β, represent new epistemic inputs and  represents an epistemic state.
(C1)
(C2)
(C3)
(C4)

If α |= β, then K ( ∗ β ∗ α) = K ( ∗ α).
If α |= ¬β, then K ( ∗ β ∗ α) = K ( ∗ α).
If K ( ∗ α) |= β, then K ( ∗ β ∗ α) |= β.
If K ( ∗ α)  |= ¬β, then K ( ∗ β ∗ α) |= β.

The following are the semantic versions, which restate the conditions as
properties of the total preorders associated with the epistemic states:
(CR1)
(CR2)
(CR3)
(CR4)

If u
If u
If u
If u

∈
∈
∈
∈

M(α), v ∈ M(α) then u  v iff u ∗α v
M(¬α), v ∈ M(¬α) then u  v iff u ∗α v
M(α), v ∈ M(¬α) then u ≺ v only if u ≺∗α v
M(α), v ∈ M(¬α) then u  v only if u ∗α v

Darwiche and Pearl have shown that, given the reformulated postulates for
revision, a precise correspondence obtains between (Ci) and (CRi) above
(i = 1, 2, 3, 4).
The postulate (C1) is stronger than ( ∗ 7) and ( ∗ 8) (it implies them);
it states that when two pieces of information—one more specific than the
other—arrive, the first is made redundant by the second. (C2) says that
when two contradictory epistemic inputs arrive, the second one prevails;
the second evidence alone yields the same belief state. Here the prima
facie connection with recovery is obvious; the basic form of the recovery
axiom deals with ‘contract by α and then expand by α’ while (C2) deals
with ‘revise by α and then revise by (effectively) ¬α’. The latter is clearly
stronger. (C3) says that a piece of evidence β should be retained after
accommodating more recent evidence α that entails β given the current
belief state. (C4) simply says that no epistemic input can act as its own
defeater. Arlo-Costa and Parikh (1999), Lehmann (1995), Freund and
Lehmann (1994) are amongst those to have critically commented on (C2);
Freund and Lehmann (1994) show that it is inconsistent with the original

AGM axioms for belief sets (as is the weaker axiom, (C2 ) proposed in
Nayak et al. (1996)). This last objection, as noted above, is no longer a
problem when the postulates are reformulated for epistemic states. For the
purposes of this paper, we do not dispute (C1), (C3) and (C4).
3. T HE N EW R ECOVERY- LIKE P OSTULATES
In this section we provide—additional to the reformulated AGM
postulates—some recovery-like postulates and then provide a semantic
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condition for iterated revision. These additional properties are desirable for
iterated revision and cover a variety of situations, ranging from sequences
of revisions and contractions by the same formula to sequences of revisions
and contractions by a formula and its negation. In particular they describe
the conditions under which we can expect stability or minimal loss of
beliefs in the original epistemic state. Note that the sequence of belief
changes specified reverses the original formulation of the recovery axiom
where contraction is followed by expansion. Stating the postulates in this
form enables the connection with iterated revision to become clear since it
is in the case of revision followed by contraction that a notion of iterated
revision is necessary (in the original formulation of the recovery axiom,
expansion is equivalent to revision thus obviating the need for a framework
that requires iteration). In the postulates—and our framework in general—
we make the assumption that information is received from the same source.
(R1) K ( ∗ α − α) ⊆ K ( − α)
(R2) α, ¬α ∈
/ K () implies K () ⊆ K ( ∗ α − α)
(R3) α ∈
/ K () implies K () ⊆ K ( ∗ α ∗ ¬α)
(R4) α ∈ K () implies K ( − α) ⊆ K ( ∗ α − α)
(R1) says that the result of revising an epistemic state and then
contracting by the same formula is contained in the knowledge base
obtained after simply contracting by the same formula. (R2) says that if
neither a formula nor its negation are in the knowledge base associated with
an epistemic state then the original base will be contained in that obtained
after revision and contraction by the same formula. (R3) says that if a piece
of information is not contained in the knowledge base associated with an
epistemic state, then a revision by that formula followed by its negation
will always include the original knowledge base. (R4) says that if a formula
is contained in the original knowledge base then contracting by the same
formula will produce a knowledge base that is contained in one obtained
by revising and contracting by the same formula.
The following additional properties further place conditions on recovery
like situations since they compare K ( ∗ α − α), K () and K ( − α),
but with conditions distinct from those of (R1)-(R4).
(R5) K ( ∗ α − α) ⊆ K ()
(R6) α ∈
/ K () implies K () ⊆ K ( ∗ α − α ∗ ¬α)
(R7) α ∈ K () implies K () ⊆ K ( ∗ α − α ∗ α)
(R8) α, ¬α ∈
/ K () implies K ( − α) ⊆ K ( ∗ α − α)
(R5) says that the knowledge base obtained by revising by an input and
then contracting by it is contained in the knowledge base associated with
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the original epistemic state. (R6) says that if a belief is not contained in the
original knowledge base, then the knowledge base is contained in the result
of revising by a formula, contracting it and then revising by its negation.
(R7) says that if a belief is contained in the original knowledge base, then
that belief will be preserved under a sequence of revisions which begin
with revision followed by contraction and then revision. (R8) says that
if the original knowledge base is agnostic about a particular belief then
contracting by that belief will result in a knowledge base that is contained
in one obtained by revising and then contracting by that belief.
OBSERVATION 1. Consider operators, ∗ and − that satisfy the reformulated postulates for revision and contraction. Then (R5),(R6),(R8) follow
from (R1)-(R4); (R7) follows from the reformulated AGM postulates.
Proof.
1. (R5) follows immediately from (R1) and (−2).
2. From the Levi identity, we get K ( ∗ α ∗ ¬α) = K ( ∗ α − α) +
¬α, which in turn is equal to K ( ∗ α − α ∗ ¬α) by (∗3) and (∗4).
Therefore (R6) is equivalent to (R3).
3. Since α ∈
/ K (), by (−3) we know that K ( − α) = K (). Therefore (R8) is equivalent to (R2).
4. By (−5) we know that K ( ∗ α) ⊆ K ( ∗ α − α) + α. From (∗3)
and (∗4) we get K ( ∗ α − α ∗ α) = K ( ∗ α − α) + α and since
α ∈ K () we also have K ( ∗ α) = K (). (R7) follows immediately.


Consider the following condition (R ): ¬α ∈ K () implies K () ⊆
K ( ∗ α − α). This states that if a belief is not contained in the original
knowledge base, then the original knowledge base is contained in that
obtained after revising and contracting by its negation. However, such a
condition contradicts ( − 2) and ( ∗ 2). Note that the conclusion of
(R3) cannot hold if α is in K (). The reformulated AGM postulates for
epistemic states and our additional recovery postulates provide a comprehensive framework for iterated revision which does justice to the intuitions
expressed in the original recovery axiom. One of our stated aims is to link
up K ( ∗ α − α) and K (). We do this via (R2) and (R5). Another way
to put it: if α, ¬α ∈
/ K () then K () = K ( ∗ α − α). If ¬α ∈ K ()
then AGM prevents K () = K ( ∗ α − α). If α ∈ K () then, since α ∈
/
K ( ∗ α − α) by AGM, it is AGM that prevents K () = K ( ∗ α − α).
We think of (C1)—with a caveat made for possible weakenings in the
future— (C3), (C4) and (R1)-(R4) as a framework for iterated revision.
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3.1. Semantic Properties
We now provide semantic conditions for revisions of epistemic states and
make explicit the connection between (R1)-(R4) and (C2). The following
lay conditions on the positions of valuations by revision and may be
considered the semantic counterpart to (R1)-(R4).
(S1)
(S2)

M
M

(¬α) ⊆ M ∗α (¬α)
(¬α) ⊆ M  (¬α)
∗α


The semantic properties taken together state an equality between the
minimal models of ¬α in the epistemic state prior to revision and after
revision. (S1) and (S2) taken together state that the minimal models of ¬α
remain the same relative to the other models of ¬α. For ease of statement of
Theorem 1 below, we state these properties as two separate containments
rather than the implied equality. Consider the minimal models of ¬α
in the total preorder associated with the epistemic state; these might or
might not be included in the minimal models of the total preorder itself.
After revision by α, the minimal models of the ordering cannot contain
any ¬α models. So the minimal models of ¬α are either demoted in the
ordering or stay where they are. Whatever be the case, no models of ¬α
can be promoted in the ordering to join the old minimal models of ¬α and
furthermore, none of the minimal models of ¬α are demoted. Revision by
α can increase the plausibility of α and decrease that of ¬α; it certainly
cannot increase the plausibility of ¬α. Remarkably, this simple condition
provides all the semantic linkage we need with the syntactic properties
(R1)-(R4) stated above. It should be clear that the semantic properties stated
above are a weaker version of the (CR2) postulate since in the Darwiche–
Pearl framework, which relies on a form of Spohnian conditioning (Spohn,
1988), the position of all ¬α models is determined in the new epistemic
state (via pointwise decrease in their plausibility by one rank after revision
by α, thus preserving their relative ordering in the new epistemic state)
whereas in our condition, we simply specify the minimal models of ¬α
in the new epistemic state. Strengthening these postulates is possible, but
possibly counterproductive, and in any case, it is not our present concern.
THEOREM 1. Let ∗ and − be belief change operations on epistemic states
satisfying the reformulated AGM postulates. For each epistemic state ,
let  be the total preorder on valuations arising from ∗ and −.
1. ∗ and − satisfy (R1) iff ∗ satisfies (S1).
2. ∗ and − satisfy (R2)-(R4) iff ∗ satisfies (S2).
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Proof.
1. (S1) follows immediately from (R1). Suppose (S1) and pick a u ∈
M(K ( − α)). If u ∈ M(α) then u ∈ M(K ( ∗ α − α)) by AGM. If
u ∈ M(¬α) then u ∈ M  (¬α). By (S1), u ∈ M ∗α (¬α). Therefore
u ∈ M(K ( ∗ α − α)).
2. Suppose (S2). Now suppose α, ¬α ∈
/ K (). Pick a u ∈ M(K ( ∗
α − α)). If u ∈ M(α) then u ∈ M(K ()) by AGM. Otherwise u ∈
M(K ()) by (S2). So (R2) holds. Now suppose α ∈
/ K (). Pick a u ∈
M(K ( ∗ α ∗ ¬α)). Since u ∈ M(¬α) it follows that u ∈ M(K ())
by (S2). So (R3) holds. Now suppose α ∈ K (). Pick a u ∈ M(K ( ∗
α − α)). If u ∈ M(α) then u ∈ M(K ()) by AGM. Otherwise u ∈
M(K ()) by (S2). So (R4) holds. Conversely, suppose (R2)-(R4). If
α, ¬α ∈
/ K () then (S2) follows from (R2). If ¬α ∈ K () then (S2)
follows from (R3). If α ∈ K () then (S2) follows from (R4).


The following shows that the case we were interested in, the relationship
between K ( ∗ α − α) = K ( − α), is one of equality in the case when
¬α is not contained in the original knowledge base.
COROLLARY 1. From (R1)-(R4) it follows that, if ¬α ∈
/ K () then
K ( ∗ α − α) = K ( − α).
Proof. Follows from (S1) and (S2), which state together that M
M  (¬α).

∗α

(¬α) =



Furthermore, note that since ∗ and − above are operations that satisfy
the reformulated AGM postulates, it follows that they satisfy (R5), (R6),
(R7) and (R8) as well.
In the sections above, we have provided a weakening of (CR2). We
might wonder if a corresponding weakening of (CR1) exists. A possible
weakening of (CR1), analogous to (S1) and (S2), is M  (α) = M ∗α (α).
However, this is already implied by the AGM postulates.
3.2. (C2) and the New Recovery Postulates
The connections between (S1), (S2) and (C2) are interesting ((C1), (C3)
and (C4) are not entailed by our postulates). Objections to (C2) often rely
on the observation that revising a belief state ψ with a sentence of the
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form p1 ∧ p2 ∧ . . . ∧ pn ∧ q followed by a revision with ¬q reduces to
revision with ¬q. Thus the—potentially useful—belief in the conjunct
p1 ∧ p2 ∧ . . . ∧ pn is discarded (unless it was believed in the first place)
even though it does not in itself contradict ¬q. It can be argued that these
criticisms of the (C2) postulate are somewhat unfair, since this unintuitive
outcome does not follow if revision by p1 ∧ p2 ∧ . . . ∧ pn ∧ q is replaced
by a sequence of revisions by each of the conjuncts. One would revise with
the full conjunction only if these beliefs were somehow implicitly related.
One scenario where this behaviour required by the (C2) postulate appears
to be fully justified is when a source provides p1 ∧ p2 ∧ . . . ∧ pn ∧ q as
an input, and subsequently changes its mind (thus revising by ¬q). In a
similar vein, if two consecutive sensor readings contradict each other, it
makes more sense to believe the more recent reading, even if the previous
reading provided additional information.
The (C2) postulate has also been criticised from other perspectives.
Cantwell (1999) uses a version of the George-the-criminal example to
criticise the (C2) postulate. We note that it is possible to argue against
Cantwell’s criticism along similar lines to our arguments against the
Cleopatra example (if the inputs come from the same source, then the
outcomes are intuitive, while inputs from different sources would appear
as distinct sentences, making the example redundant).
The following example, a variation of the George-the-criminal setting,
makes clear that (C2) is too strong, and that (S1) and (S2) are useful
alternative weakenings. Assume that we start by believing George is an
armed robber—based on information from my friend the police detective.
Then my friend tells us that this is incorrect, since no criminal records can
be found for George. Subsequently, she corrects her original statement—
she did find a criminal dossier on George at police headquarters (it had
been misplaced) and given its location, it could have only come off the
stack of files for people convicted of illegal gun possession or the stack of
convicted shoplifters’ dossiers. We must now revise our beliefs with the
information that George is not an armed robber, but either a shoplifter or a
person convicted of illegal gun possession. We construct below a scenario
where the (C2) postulate forces us to believe that George was convicted of
illegal gun possession (clearly too strong given the available evidence even
though given the source and our initial beliefs this is more plausible than
George being guilty of shoplifting). We let r denote ‘George is an armed
robber’, g denote ‘George has been convicted of illegal gun possession’
and s denote ‘George is a convicted shoplifter’ and use c as an abbreviation
for ‘George is a criminal’ i.e., r ∨ g ∨ s. Given the propositional language
{r, g, s}, we will represent models as sequences of 0’s and 1’s, representing
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the valuations of r , g and s respectively (thus 100 represents a model in
which r is true and g and s are false). We assume for the sake of explanatory
convenience that epistemic states map valuations to natural numbers with
the minimal models being identified as those assigned the lowest rank (not
necessarily 0)—thus inducing a total preorder on valuations. Let the initial
epistemic state 1 be defined as follows:
1 (100) = 1 (101) = 1 (110) = 1 (111) = 0
1 (010) = 1 (011) = 1
1 (000) = 1 (001) = 2
Observe that, next to the models of r , we believe the models of g to be most
plausible, reflecting the intuition that if George is not an armed robber, then
the next most likely scenario is where George is in illegal possession of
firearms. To satisfy (C2) the epistemic state 2 = 1 ∗ ¬c must appear as
follows:
2 (000) = 0
2 (100) = 2 (101) = 2 (110) = 2 (111) = 1
2 (010) = 2 (011) = 2
2 (001) = 3
Observe that g ∈ K (2 ∗ ¬r ∧ (g ∨ s)), i.e., we are forced to believe
George has been convicted of illegal gun possession. If we relax (C2) with
(S1) and (S2), a permissible outcome of revising 1 by ¬c is the epistemic
state 2 where:
2 (000) = 0
2 (100) = 2 (101) = 2 (110) = 2 (111) = 1
2 (010) = 2 (011) = 2 (001) = 2
Revising with ¬r ∧ (g ∨ s) we note that g  ∈ K (2 ∗ ¬r ∧ (g ∨ s)). Our
example shows that (S1)-(S2) can handle desirable outcomes disallowed
by (C2). (S1)-(S2) respect the initial ordering of the epistemic state to
some extent but not dogmatically so. An interesting alternative reading of
(S1)-(S2) is think of them as providing the agent with a form of short-term
memory. We can think of (S1)-(S2) as saying, “If I have to revise by α,
there must be something wrong with the ¬α-worlds. But I do not want
to throw away all the information about ¬α that I had previously. So, I
will compromise by remembering the best ¬α-worlds after revision. This
ensures that if I decide to undo my revision by α, I’ll end up with the same
¬α-worlds.”
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4. DARWICHE –P EARL - LIKE P OSTULATES FOR C ONTRACTION
Thus far we have placed no assumptions on the contraction operator other
than the reformulated AGM postulates, and the relationship between the
contraction and revision operators via the Levi and Harper identities. In
what follows, we will present a set of postulates for contraction that will
serve as the counterparts of the Darwiche–Pearl postulates for revision.
(C−1)
(C−2)
(C−3)
(C−4)

If α  ¬β then K ( − β ∗ α) = K ( ∗ α)
If α  β then K ( − β ∗ α) = K ( ∗ α)
If K ( ∗ α)  ¬β then K ( − β ∗ α)  ¬β
If K ( ∗ α)  β then K ( − β ∗ α)  β

The postulate (C−1) says that if we contract by a piece of information
then revise by another piece that contradicts it, then the contraction is
redundant. (C−2) says that if we contract by a piece of information and
then revise by a logically stronger piece of information, then the contraction
is made redundant. (C−3) says that a contraction by a piece of information
cannot remove a conditional belief in its negation; while (C−4) says that a
contraction by a piece of information cannot introduce a conditional belief
in it.
The following are the semantic versions of the above:
(CR−1)
(CR−2)
(CR−3)
(CR−4)

If u, v ∈ M(¬β) then u  v iff u −β v
If u, v ∈ M(β) then u  v iff u −β v
If u ∈ M(¬β) and v ∈ M(β) then u ≺ v implies u ≺−β v
If u ∈ M(¬β) and v ∈ M(β) then u  v implies u −β v

We can show that, given the reformulated AGM postulates for revision
and contraction, a precise correspondence exists between the syntactic and
semantic postulates above.
THEOREM 2. Let ∗ and − be belief change operations on epistemic states
satisfying the reformulated AGM postulates. For each epistemic state ,
let  be the total preorder on valuations arising from ∗ and −. Then for
each i ∈ {1, 2, 3, 4}, (C-i) holds iff (CR-i) holds.
Proof.
1. Suppose (CR−1) holds and α  ¬β. It suffices for us to show M(K
( − β ∗ α)) = M(K ( ∗ α)), which is the same as M −β (α) =
/ M  (α). Then there is a
M  (α). Suppose v ∈ M −β (α) but v ∈

ITERATED BELIEF CHANGE AND THE RECOVERY AXIOM

515

u ∈ M  (α) such that u ≺ v. Since u, v ∈ M(α) and α  ¬β, it
follows that u, v ∈ M(¬β). By (CR−1), it follows that u ≺−β v,
which contradicts v ∈ M −β (α). Therefore M −β (α) ⊆ M  (α).
/ M −β (α). There there is a u ∈
Now suppose v ∈ M  (α) but v ∈
M −β (α) such that u ≺−β v. Since u, v ∈ M(α) and α  ¬β, it
follows that u, v ∈ M(¬β). By (CR−1), it follows that u ≺ v,
contradicting v ∈ M  (α). Therefore M  (α) ⊆ M −β (α).
Conversely, suppose that (C−1) holds, and u, v ∈ M(¬β). Let γ
be such that M(γ ) = {u, v}. Observe that γ  ¬β. If u  v and
v ≺−β u, then we have M(K ( ∗ γ )) = {u} or {u, v} but M(K ( −
β ∗ γ )) = {v}, contradicting (C−1). If u −β v and v ≺ u, then
we have M(K ( − β ∗ γ )) = {u} or {u, v} but M(K ( ∗ γ )) = {v},
again contradicting (C−1). Therefore u  v iff u −β v.
2. Suppose (CR−2) holds and α  β. It suffices for us to show M(K ( −
β ∗ α)) = M(K ( ∗ α)), which is the same as M −β (α) = M  (α).
/ M  (α). Then there is a u ∈ M  (α)
Suppose v ∈ M −β (α) but v ∈
such that u ≺ v. Since u, v ∈ M(α) and α  β, it follows that
u, v ∈ M(β). By (CR−2), it follows that u ≺−β v, which contradicts v ∈ M −β (α). Therefore M −β (α) ⊆ M  (α). Now suppose
/ M −β (α). There there is a u ∈ M −β (α) such
v ∈ M  (α) but v ∈
that u ≺−β v. Since u, v ∈ M(α) and α  β, it follows that u, v ∈
M(β). By (CR−2), it follows that u ≺ v, contradicting v ∈ M  (α).
Therefore M  (α) ⊆ M −β (α).
Conversely, suppose that (C−2) holds, and u, v ∈ M(β). Let γ be such
that M(γ ) = {u, v}. Observe that γ  β. If u  v and v ≺−β u,
then we have M(K ( ∗ γ )) = {u} or {u, v} but M(K ( − β ∗ γ )) =
{v}, contradicting (C−1). If u −β v and v ≺ u, then we have
M(K ( − β ∗ γ )) = {u} or {u, v} but M(K ( ∗ γ )) = {v}, again
contradicting (C−1). Therefore u  v iff u −β v.
3. Suppose that (CR−3) holds and that K ( ∗ α)  ¬β. That is,
M  (α) ⊆ M(¬β). We need to show that K ( − β ∗ α)  ¬β, i.e.,
M −β (α) ⊆ M(¬β). So assume that this is not the case, that is, that
there is a v ∈ M−β (α) such that v ∈ M(β). This means v  ∈ M  (α),
and so it has to be the case that for every u ∈ M  (α), u ≺ v.
By (CR−3) it then follows that for every u ∈ M  (α), u ≺−β v,
contradicting that v ∈ M−β (α).
Conversely, suppose that (C−3) holds such that u ∈ M(¬β), v ∈ M(β)
and u ≺ v. We need to show that u ≺−β v, so assume otherwise,
i.e., v −β u. Now, let γ be such that M(γ ) = {u, v}. Then K ( ∗
γ )  ¬β and K ( − β ∗ γ )  ¬β. But this contradicts (C−3) which
requires that K ( − β ∗ γ )  ¬β.
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4. Suppose that (CR−4) holds and that K ( ∗ α)  β. That is, there is
a u ∈ M  (α) such that u ∈ M(¬β). We need to show that K ( −
β ∗ α)  β, i.e., M −β (α)  M(β). So assume the opposite, that is,
for every v ∈ M −β (α), v ∈ M(β). But then it has to be the case
that v ≺−β u, which contradicts (CR−4), since we know that u  v
because u ∈ M  (α).
Conversely, suppose that (C−4) holds such that u ∈ M(¬β), v ∈ M(β)
and u  v. We need to show that u −β v, so assume otherwise, i.e.,
v ≺−β u. Now, let γ be such that M(γ ) = {u, v}. Then K ( ∗ γ )  β
and K ( − β ∗ γ )  β. But this contradicts (C−4) which requires that


K ( − β ∗ γ )  β.

5. T HE G ENERALISED R ECOVERY P OSTULATE
Many of the objections to (C2) take the form of revising by an input α
and then revising by another input β, such that β contradicts some or all
of the information contained in α. Such objections can generally be recast
as objections to (C−2) by substituting the second revision operation by a
contraction by ¬β.
We have shown in the sections above that (C2) can be weakened to
(S1) and (S2), thus avoiding putative objections. In adopting a similarly
protective strategy towards (C−2), we would like a weakening of (C−2)
which plays a role analogous to (S1) and (S2) for (C2). Such a condition
can be formulated in semantic form as follows:
(S3)

M



(α) = M

−α

(α)

(S3) requires the minimal models of α, relative to , to be exactly the
minimal models of α, in the epistemic state obtained after contraction by
α. The syntactic counterpart for (S3) is provided below:
(GR)

K ( − α ∗ α) = K ( ∗ α)

(GR) represents a generalisation of the original recovery postulate. If α
is in K then (GR) is equivalent to (−5) if we assume the reformulated
AGM postulates for contraction and revision. It is the remaining case,
when α is not in K , which strengthens the reformulated AGM framework
for contraction. To summarise, (GR) says that the effect of contractions is
subsumed in subsequent revisions by the same formula.
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OBSERVATION 2. Let ∗ and − be belief change operations on epistemic
states satisfying the reformulated AGM postulates. Furthermore, for each
epistemic state , let  be the total preorder on valuations arising from
∗ and −. Then ∗ and − satisfy (GR) iff − satisfies (S3).
Proof. Recall that M(K ( ∗ γ )) = M  (γ ) holds for any epistemic state
 and formula γ . The result follows immediately.


It is easy to see that (S3) is a weakening of (CR−2). However, the
analogous weakening of (CR−1), i.e., M  (¬α) = M −α (¬α) already
follows from the reformulated postulates for contraction.
5.1. (C−2) and the Generalised Recovery Postulate
The following variation of the George-the-criminal setting from Section 3.2.
presents a situation where (C−2) is too strong, and where (S3) is an
acceptable weakening of (C−2). We start by believing that George is an
armed robber. We are then told by a police detective that no criminal records
can be found for George. However, we know that documents are often
misplaced, so we conclude that we don’t have enough evidence to decide
whether George is a criminal or not. Therefore we contract our beliefs,
so that we no longer believe that George is a criminal, but we also do not
believe that George is not a criminal. Later on, the police detective finds
that the document was indeed misplaced, and given its location, George
must have been convicted of shoplifting or illegal gun possession. We must
then revise our beliefs with the belief that George is not an armed robber,
but is either a shoplifter or a person convicted of illegal gun possession.
As in Section 3.2., we let r denote ‘George is an armed robber’, g
denote ‘George has been convicted of illegal gun possession’ and s denote
‘George is a convicted shoplifter’ and use c as an abbreviation for ‘George
is a criminal’ i.e., r ∨ g ∨ s. Given the propositional language {r, g, s},
we will represent models as sequences of 0’s and 1’s, representing the
valuations of r , g and s respectively (thus 100 represents a model in which
r is true and g and s are false). Let the initial epistemic state 1 be defined
as follows:
1 (100) = 1 (101) = 1 (110) = 1 (111) = 0
1 (010) = 1 (011) = 1
1 (000) = 1 (001) = 2
This model reflects the intuition that if George is not an armed robber, then
the next most plausible scenario is where George is in illegal possession of

518

SAMIR CHOPRA ET AL.

firearms. To satisfy (C−2) the epistemic state 2 = 1 − c must appear
as follows:
0 (000) = 1 (100) = 1 (101) = 1 (110) = 1 (111) = 0
1 (010) = 1 (011) = 1
1 (001) = 2
We see that K (2 ∗ ¬r ∧ (g ∨ s)) = Cn(¬r ∧ g), i.e., we are forced to
believe George has been convicted of illegal gun possession. If we replace
(C−2) with (S3), then a permissible outcome of contracting 1 by c is 2
where:
0 (000) = 1 (100) = 1 (101) = 1 (110) = 1 (111) = 0
1 (010) = 1 (011) = 1 (001) = 1
Revising 2 by ¬r ∧ (g ∨ s) gives K (2 ∗ ¬r ∧ (g ∨ s)) = Cn(¬r ∧
(g ∨ s)), which is a much more satisfactory result.
6. C ONCLUSION
We have shown how the intuitions underlying the axiom of recovery can
be rescued by paying attention to the assumptions underlying putative
counterexamples. We argued that the axiom of recovery places an important
rationality constraint on iterated revision, a framework that requires that
we think of revision as taking place on epistemic states which encode
preferences rather than just flat belief sets. We believe the connection
between the axiom of recovery and the (C2) postulate of Darwiche–
Pearl to be an interesting one. Furthermore, we presented postulates
on contraction, analogous to the Darwiche–Pearl postulates on iterated
revision, and showed a connection between the axiom of recovery and the
(C−2) postulate of contraction. For future work it might be interesting to try
and obtain a weakened version of the (C1) postulate in a way that is similar
to what we have done in this paper. Further work with other proposals for
iterated revision such as (Boutilier, 1993; Williams, 1994; Nayak et al.,
2003; Jin and Thielscher, 2005; Booth et al., 2005) is also necessary for a
full evaluation of our proposal.
ACKNOWLEDGEMENT
National ICT Australia is funded by the Australia Government’s Department of Communications, Information and Technology and the Arts and
the Australian Research Council through Backing Australia’s Ability and

ITERATED BELIEF CHANGE AND THE RECOVERY AXIOM

519

the ICT Centre of Excellence program. It is supported by its members
the Australian National University, University of NSW, ACT Government,
NSW Government and affiliate partner University of Sydney.

R EFERENCES
Alchourron, C., Gärdernfors, P., and Makinson, D.: 1985, On the logic of theory change:
Partial meet functions for contraction and revision, Journal of Symbolic Logic 50, 510–
530.
Arlo-Costa, H., and Parikh, R.: 1999, Two place probabilities, beliefs and belief revision:
on the foundations of iterative belief kinematics, in Proceedings of the The Twelfth
Amsterdam Colloquium.
Booth, R., Chopra, S., and Meyer, T.: 2005, Restrained revision, in Proceedings of NRAC
2005.
Boutilier, C.: 1993, Revision sequences and nested conditionals, in Proceedings of the
Thirteenth International Joint Conference on Artiﬁcial Intelligence, pp. 519–525.
Cantwell, J.: 1999, Some logics of iterated belief change, Studia Logica 63(1), 49–84.
Darwiche, A. and Pearl, J.: 1997, On the logic of iterated belief revision, Artiﬁcial
Intelligence 89, 1–29.
Freund, M. and Lehmann, D.: 1994, Belief revision and rational inference, Technical Report
TR-ARP-94-16, The Leibniz Center for Research in Computer Science, Institute of
Computer Science, Hebrew University, July 1994.
Fuhrmann, A.: 1991, On the modal logic of theory change, in A. Fuhrmann and M.
Morreau (eds.), The Logic of Theory Change: Workshop, Konstanz, FRG, October
1989, Proceedings, Vol. 465 of Lecture Notes in Artiﬁcial Intelligence, Springer-Verlag,
Berlin, pp. 259–281.
Gärdenfors, P.: 1988, Knowledge in Flux : Modeling the Dynamics of Epistemic States, The
MIT Press, Cambridge, Massachusetts.
Grove, A.: 1988, Two modellings for theory change, Journal of Philosophical Logic 17,
157–170.
Hansson, S. O.: 1991, Belief contraction without recovery, Studia Logica 50, 251–260.
Hansson, S.-O.: 1993, Changes of disjunctively closed bases, Journal of Logic, Language
and Information 2(4), 255–284.
Hansson, S. O.: 1999, A survey of non-prioritized belief revision, Erkenntnis 50, 413–427.
Jin, Y. and Thielscher, M.: 2005, Iterated belief revision, revised, in Proceedings of
the Nineteenth International Joint Conference on Artiﬁcial Intelligence (IJCAI 05),
pp. 478–483.
Lehmann, D.: 1995, Belief revision, revised, in Proceedings of the Fourteenth International
Joint Conference on Artiﬁcial Intelligence, pp. 1534–1540.
Levi, I.: 1991, The Fixation of Belief and Its Undoing, Cambridge University Press,
Cambridge.
Makinson, D.: 1987, On the status of the postulate of recovery in the logic of theory change,
Journal of Philosophical Logic 16, 383–394.
Meyer, T.: 1999, Basic infobase change, in N. Foo (ed.), Advanced Topics in Artiﬁcial
Intelligence, Vol. 1747 of Lecture Notes In Artiﬁcial Intelligence, Springer-Verlag,
Berlin, pp. 156–167.
Nayak, A.: 1993, Studies in belief change, Ph.D. thesis, University of Rochester.

520

SAMIR CHOPRA ET AL.

Nayak, A. C., Foo, N., Pagnucco, M., and Sattar, A.: 1996, Changing conditional beliefs
unconditionally, in Proceedings of the Sixth Conference on Theoretical Aspects of Rationality and Knowledge, De Zeeuwse Stromen, Morgan Kaufmann, The Netherlands,
pp. 119–135.
Nayak, A. C., Pagnucco, M., and Peppas, P.: 2003, Dynamic belief change operators,
Artiﬁcial Intelligence 146, 193–228.
Spohn, W.: 1988, Ordinal conditional functions: a dynamic theory of epistemic states, in
W. L. Harper and B. Skyrms (eds.), Causation in Decision: Belief, Change and Statistics:
Proceedings of the Irvine Conference on Probability and Causation: Volume II, Vol. 42
of The University of Western Ontario Series in Philosophy of Science, Kluwer Academic
Publishers, Dordrecht, pp. 105–134.
Williams, M.-A.: 1994, Transmutations of Knowledge Systems, in J. Doyle, E. Sandewall,
and P. Torasso (eds.), Proceedings of Fourth International Conference on Principles
of Knowledge Representation and Reasoning, Morgan Kaufmann, San Francisco,
pp. 619–629.
SAMIR CHOPRA

Department of Computer and Information Science,
Brooklyn College of the City University of New York,
Brooklyn, NY 11210, USA
Email: schopra@sci.brooklyn.cuny.edu
ADITYA GHOSE

Decision Systems Laboratory,
School of Information Technology and Computer Science,
University of Wollongong,
Wollongong, NSW 2522, Australia
Email: aditya@uow.edu.au
THOMAS MEYER

Meraka Institute,
PO Box 395, Pretoria 0001, South Africa
Email: tommie.meyer@meraka.org.za
KA-SHU WONG

Knowledge Representation and Reasoning Program
National ICT Australia, Kensington Research Laboratory,
Sydney 223 Anzac Parade,
Kensington, NSW 2052, Australia
Email: kswong@cse.unsw.edu.au

